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The covers of this book are too far apart 

— Ambrose Bierce 

Overview 

In the previous course the description of physical phenomena was based on what might 
be called the "mechanical" model. The material universe was assumed to consist of 
small objects (particles) interacting with each other through forces which obey the three 
laws of Newton. Things of ordinary (macroscopic) size were modeled as collections of 
large numbers of particles; these systems were distinguished as solids, liquids and gases 
according to how tightly the particles making up the system were bound to each other 
by the forces. By applying the program of Newtonian mechanics, we were able to give 
at least an approximate description of a very wide range of phenomena. 

To be sure, there were loose ends, some of which were apparent to scientists of the 18th 
century. Newton's theory of gravity provided an excellent description of many 
phenomena, but the question of how two objects separated by empty space could 
interact was left as a mystery. Electric and magnetic phenomena, some of which were 
known since ancient times, remained almost totally unexplained. The nature of light 
was the subject of heated debate: is it a wave phenomenon, or is it a stream of particles? 

This course take up those loose ends and discusses the discoveries about them by 
scientists of the 18th and 19th centuries. It turns out that the questions are all related to 
one another. Like gravity, electric and magnetic interactions also require acting "at a 
distance" without any apparent intervening medium. In the mid-19th century the 
description of these phenomena turned away from the mechanical point of view, and 
centered instead on the idea of fields. In the last half of that century it became clear that 
light is in fact a phenomenon in which the fields by themselves transfer energy from 
source to observer, perhaps through space completely devoid of particles. 

This is a course about the fields. While we will continue to regard solids, liquids and 
gases as consisting of particles (atoms and molecules, and their constituents), and while 
we will still analyze the motion of those particles under the influence of interaction 
forces, much of our attention will be on the fields themselves, their sources and their 
properties. One can see and measure effects of the fields, but one cannot see the fields 
themselves, so the description is necessarily a bit abstract and mathematical. But it is of 
great practical use too. Any kind of "seeing" involves light, which is just a particular 
configuration of fields. In addition, our modern style of life depends heavily on devices 
that use our description of the electromagnetic field. It is surely worth the effort to gain 
some understanding of how these fields behave. 
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Electric charge 



The first electric phenomenon in the historic record is the discovery by the ancient 
Greeks that a piece of amber, rubbed by wool, will attract small bits of matter. The word 
"electricity" comes from the Greek elektron meaning amber. Later it was found that a 
piece of glass, rubbed by silk, does much the same thing. It was also found that the 
amber ("resinous") effect and the glass ("vitreous") effect are in some sense opposites, 
because they can cancel each other out. 

Little progress was made in understanding these phenomena until the 18th century, 
when various theories were put forward. The resinous and vitreous "electricities" were 
treated as fluids that could flow from one object to another. The ability of the fluids to 
cancel each other led Franklin to propose that there was really only one fluid, the other 
kind of electricity being merely a lack of the first. According to his (arbitrary) choice, 
vitreous electricity was attributed to an excess of the fluid, and resinous to a deficiency. 

Today we phrase the description in terms of a property called electric charge. A 
"vitreously electrified" object has a net positive charge and a "resinously electrified" 
object has a net negative charge. The total charge of an object is the algebraic sum of the 
charges it contains. Because atoms and molecules in their normal states contain equal 
amounts of positive and negative charge, everyday objects have zero total charge. 

Implicit in Franklin's model is that although charge can move around it does not simply 
appear or disappear. We now know this to be a fundamental natural law: 



Conservation of charge 



The total charge of an isolated system is 
conserved. 



Note the absolute form of this statement: there is no qualifying "if" clause. No process 
can change the total charge of an isolated system, under any circumstances. There are 
very few such absolute laws of nature. 

Individual charges can spontaneously appear and disappear, but only in ways that conserve charge. For 
example, an electron and its oppositely charged antiparticle, the positron, can appear together in "pair 
creation" and disappear together in "annihilation". But the net charge of the system remains unchanged. 

We now know more about the properties of electric charge: 

• Charge is a scalar. The charge of an object is the same in all directions. 

• Charge is quantized. All observed charges are multiples of the smallest observed 
charge, that on the proton, denoted by e. The electron has charge -e. 

Why charge is quantized remains one of the greatest imsolved mysteries in physics. 

The unit of charge in SI units is a Coulomb (C), which is a very large amount. The 
fundamental charge unit is a tiny number of Coulombs: 

—19 

Charge on proton: e = 1.602 x 10 C 
The standard symbol for a variable charge is Q or q. 
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Coulomb's law 



A fundamental force law involving electric charge, attributed to Coulomb, 
describes the interaction between two very small charged objects ("point 
charges"). Let two such charges be arranged at rest as shown, with q-^ 

located at and q2 ^2 ■ ^ ~^2~h displacement of q2 

relative to q-^ . Then the electrostatic force exerted by q-^ on q2 is O 

given by 




Coulomb's law 



F(l on2) = ^M2£ 
r 



In this formula r is a unit vector in the direction of r. 

It is the same as r / r , so one can also write i / as r I , which is sometimes more convenient. 
The direction of the force exerted on q2 is determined by the sign of the product q-Yq2 '■ 

• If q^q2 is positive, then the force on q2 is along the direction of f , so it is a 
repulsion. Charges of the same sign repel each other. 

• If q-Yq2 is negative, then the force on q2 is opposite to the direction of f , so it is an 
attraction. Charges of opposite sign attract each other. 

The universal constant k is often written as 1 / 4;reg , to make some other formulas look 
simpler. In SI units 

9xlo^ 



4;ren 



Later we will se that in fact = 10 c' exactly, where c is the speed of light, approximately 3 x 10° m/s. 

The large value of k indicates that the electrostatic force between charges is quite strong. 
Two charges of 1 C which are 1 m apart interact with a force of nearly N. 

By comparison, two masses of 1 kg which are 1 m apart have a gravitational attraction of less than 10"^" 
N. It is only because normal matter is electrically almost neutral (its total charge is almost zero) that the 
gravitational force is not always overwhelmed by the much stronger electric force. 

Coulomb's law describes accurately the interaction between two charges only if they are 
at rest (at least approximately). The interaction between two moving charges is quite 
complicated, involving magnetic as well as electric forces. It is discussed in its exact 
form only in advanced courses. 
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The electric field 

We now confront a historic question of great conceptual importance: How do objects 
separated by "empty" space (e.g., the earth and the moon, or the two point charges just 
discussed) exert forces on each other? Some answers: 

• 1600's. (Descartes) Space is not really empty but is filled with an invisible fluid 
substance which mediates (perhaps causes) the interaction between the objects 
by "vortex" action. This never led to a quantitative model of any consequence, 
but the idea of an "active vacuum" returned in the 19* century. 

• 1700's. (Action at a distance.) They just do. Because there was no evidence of a 
delay time for "transmission" of the force, and because Newton himself was 
noncommittal on the question, British scientists favored this approach. 
Philosophers on the European continent (Leibniz in particular) derided the idea. 

• 1800's. Space is not empty, but filled with a mysterious substance called "aether" 
which transmits energy over large distances at a finite speed. The existence of 
electromagnetic waves moving through "empty" space at the large but 
measurable speed of light seemed to support this answer. 

• 1900's. Points in space possess physical properties, described mathematically as 
fields. (Field theory: not the same as the aether, which involved a mechanical 
substance.) The "source" objects establish the field at all points in space, and a 
"test" object experiences a force due to the field at its location. 

For objects at rest any of the last three answers will do. But we adopt the field theory 
approach, which works also when the objects are in motion. Later we will find that 
there are compelling reasons from experiment to adopt this approach. 

In physics, a field is a physical quantity distributed in space, having a particular value 
at each point. If that value is a scalar, we speak of a scalar field; if it is a vector, we have 
a vector field. The field values may also vary with time, so the value of the field at a 
particular spatial point and time depends on both the location of the point and the time. 
For the present we deal only with fields that are time-independent (hence the term 
electrosteh'cs for our current subject). Later we discuss time-dependent fields. 

A familiar vector field is the gravitational field, g. At a particular point it is defined 
operationally as the gravitational force per unit mass on a particle placed at that point. 
(It is the same as the acceleration of the particle if no forces other than gravity act on it.) 
A familiar scalar field is the pressure in a fluid, which has a scalar value at each point. 

The field created by electric charges that gives rise to the Coulomb force is called the 
electric field. It is a vector field, denoted by E. Similar to g, it is defined operationally by 
its effect on a particle of unit charge placed in it: 
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1. Place test charge tjg at point P, at rest. 




2. Measure the force on tjg that is 


Electric field at a point in space 


proportional to cjQ . Call it F(ijg ) . 




O. illfc: fcrlfcrCtriL XlfcriCl dt I lb glVcn Dy 




E(P)= lim^^'^o^ 







The limit is taken so that the test charge will not disturb the source charges that establish the field. 

Like g, the electric field E is a vector field. Each point in space possesses its own value of 
this vector, so when we speak of the electric field (often called the "E-field") at a point 
we are always referring to a vector quantity. 

If there is a non-zero E-field at a point, then a point charge placed there will experience 
a force, the formula for which is obtained by rearranging the defining equation: 



Force on charge in electric field 



If charge is at a point where the electric 
field is E, then it experiences an electric 
force given by ¥ = qE. 



Since it follows from the definition of E, this formula for the electric force resulting from 
a given E-field is valid even if the charge is moving. 

However, a moving charge may also experience a force from a magnetic field, to be discussed later 



Finding E from its sources 

The simplest source of an E-field is a single point charge. Using 
Coulomb's law and the operational definition, we can easily obtain a 
formula for this field. Let the "source charge" be q, placed at position 
r', and let qQ be a small "test charge" at r. From Coulomb's law the 

force on qQ is ^ 

F(ont?o) = %o ^ ^ 
r-r' 



We divide by qQ to obtain the formula for the E-field at r: 



E-field of a point charge 


B{r) = kq- 


r-r 
r-r' 


3 
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Notation: In this and similar formulas, the position vector r specifies the "field point" (the point where we 
wish to know the field) while r' specifies the "source point" (the point where the source charge is located). 
If there is only a single source charge, one can choose its location to be the origin (r' = 0). This choice 
simplifies the formulas and is often used. 

We see from the formula that if q is positive then E is directed away from the source 
charge, while if q is negative E is directed toward the source charge: 

The E-field created by charges is directed away from positive charges and toward 
negative charges. 

Later when we discuss time dependent fields we will find that there are E-fields that are not created by 
charges, but by a changing magnetic field. 

Methods of calculating E from its sources 

Given the source charges, how do we calculate the value of E at a point? The 
straightforward approach uses the superposition principle: 

The total E-field is the sum of the contributions from all its sources. 

Since we know the formula for the E-field of a point charge, we can decompose the 
source charges into a set of point charges, or the equivalent, and then add up their 
contributions. There are two kinds of situations. 



• If the sources really are point charges we simply add their contributions: 



E-field of point charges 


i 


r-r; 


3 



Here r- is the location of the z'th source charge, and r is the field point. This 

formula is useful for calculation of E if the number of point charges is small. 

• If the source charges are distributed continuously, we use an integral in place of 
the sum. The sources are decomposed into infinitesimal bits dQ, each of which is 
treated as a point charge. The sum of these bits becomes an integral to be 
evaluated, which takes the general form 

|r-r'| 

Here r is the field point and r' is the location of the infinitesimal source charge 
dQ. The integral is over the region of space where the sources are located, i.e., 
over the values of r'. 

In principle it is a 3-dimensional integral over the volume of that region. Our examples will 
usually have enough geometric symmetry so that by appropriate choice of a coordinate system 
the integrals reduce to one variable. 

There are three types of continuous distributions: 
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Volume distribution . The charge is distributed continuously through a volume. 
The distribution of charge is described by giving the volume charge density, 
denoted by p . Then dQ is the charge in an infinitesimal volume dV, so dQ = pdV . 

Area distribution . The charge is distributed continuously over a surface. The 
distribution is described by the area charge density, denoted by a . Then dQ is 

the charge in an infinitesimal area dA of the surface, so dQ = odA. 

Linear distribution . The charge is spread continuously along a line or curve. The 
distribution is described by the linear charge density, denoted by A . Then dQ is 

the charge in an infinitesimal bit dl of the line, so dQ = Xdl . 
We now illustrate the superposition method with a few useful special cases. 

Field of an electric dipole 

An electric dipole is an arrangement of two equal and opposite charges separated by a 
small distance. It is a very important special case because the electric charge 
distributions of neutral atoms and molecules are often approximated by dipoles. 

The total charge of a dipole is zero, of course, but it still has electric properties. Those 
properties are described by its dipole moment, p. The figure shows its definition. 

-qm *%+q 

Dipole moment: p = ^/d 

The direction of the dipole moment is from the negative to the positive charge; its 
magnitude is the positive charge times the distance between the charges. 

We will calculate the E-field set up by a dipole, considering for simplicity only points 
along the line of the dipole moment, which we call the j-axis. The situation is shown: 

X 

< 

• — I • 

< ► 

d 

The field point P is at distance x from the origin (chosen to be the center of the dipole). 
The E-field at P is the vector sum of the fields of +q and -q. These fields have only x- 
components: the field of +q is in the positive x direction, that of -q is in the negative x 
direction. They tend to cancel, but the field of +q is stronger at P because that charge is 
closer. We find by superposition: 

E.(P) = ^^ 

[x-\d) [x + \d) 



P 
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This is the exact answer. It is positive, showing that the net field is directed to the right. 

We can obtain from this a relatively simple approximate formula, valid for values of x 
much larger than d. We will use the binomial approximation: 

(1 + e)" 1 + ne, for|e|«l. 

This is a very important formula, which will be used quite often in this course. 

First we use some algebra to get the terms into the proper form, and then apply the 
approximation: 

1 1 _ 1 1 

{x-dllf {x + d/2f x^iX-dllxf x^{l + d/2xf 



x^- 
2d 

7 



il-d/2x)~^ -{l + d/2xy 



-[{1 + d/ x)-{l-d/ x)] 



Thus we find as an approximation 



EAP) 



2p 



x-^ x"^ 



(We have used the fact that p = qd.) 



This shows two characteristic properties of the field of a dipole at distances large 
compared to the size of the dipole: 

• E is proportional to the dipole moment p. 

• £ is inversely proportional to the cube of the distance from the dipole. 

In a similar way the E-field can be found at points not on the x-axis. In general it has both x and y 
components, but at large distances the above two properties hold for the magnitude. 



E for a uniform circular ring 

As an example of a continuous distribution, consider a 
thin circular ring on which charge has been deposited 
uniformly. Let the ring have radius a and total 

positive charge Q. The linear charge density 

(charge per unit length along the circle) is 

A = Q / 2;rfl . 

We ask about the E-field at a point on the symmetry 
axis (the x-axis) as shown. The axial symmetry requires that E have only an x 
component at points on that axis. If Q is positive, the field at P will be to the right. 
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Any non-zero component perpendicular to the axis would violate the symmetry, since all directions 
perpendicular to the axis are equivalent. 

Consider the infinitesimal contribution of the charge in an infinitesimal segment of 
length dl at the top of the ring; this bit has charge dQ = Xdl = {Q 1 2na)dl . The direction 

of its infinitesimal contribution dE to the field at P is directed along the line of t, which 
is not parallel to the x-axis. However, we need only the x component, since we know the 
other components will be cancelled by contributions from other parts of the ring. Thus 
we need only consider 

kdQ X 



dE^ = dE ■ cos a 
kQ X 



j-2 y 



2na 



„3 



dl 



When we integrate this over dl, none of the other factors vary so they can be treated as 
constants. The integral over dl gives the circumference 2na , and we find, using 



2 2,2 
r = X +a : 



EAP) = kQ 



ix' + a^f^' 



This is the exact answer. 



Note that for negative values of x this component is negative, showing that the field on the axis always 
points away from the positively charged ring. If Q is negative, these directions are reversed, of course. 

For X » a, we have approximately E^ = kQl x^ , which is the formula for the field of a 

point charge. We see that far from the ring its total charge gives the dominant effect; its 
other properties (size, shape, etc.) give only small corrections. 

This behavior is a general property of electrostatic fields: 

Far from a charge distribution, the E-field is approximately that of a point charge 
equal to the total charge of the distribution. 

If the total charge is zero, one must make a better approximation, of course, as we did for the dipole. 



E for a uniform charged disk 

Now consider a uniformly charged circular disk of radius R. Again we ask for the E- 
field at a point on the symmetry axis. 

Here we can use a trick, since we know the field of a ring. We imagine the disk to be 
made of a set of concentric rings of radius a and infinitesimal width da . On the axis the 
field of such a ring at distance x will have only an x component, given by 
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But the charge dQ on the ring is the area charge density <7 times the area 2k a da of the 

ring. To find the total field at distance x from the disk we integrate over a, adding up the 
contributions of the concentric rings: 



2Kk(j 



X 



Integrals such as this one are given in tables like the ones in the appendix of many textbooks. 

2 

This is the exact answer. If the total charge of the disk is Q then we can use o=Q I kR 
to write the answer in terms of Q. 

For X » R we get (approximately) the field of a point charge E^ = kQ / again. To 
show this, one applies the binomial approximation to the square root term. 

E for a uniform infinite sheet 

The result just obtained for the disk can be used to obtain the field of an infinite plane 
sheet of charge. We simply let R go to infinity. The answer is a useful formula: 

= Inka = o I IEq. 

Of course an infinite sheet is a mathematical fiction. But if one is close to a plane surface 
that is uniformly charged — and not too near the edge of it — the E-field is 
approximately that of an infinite sheet with the same charge per unit area o. So this 
simple formula is actually quite useful as an approximation. 



Lines of the electrostatic field 



Fields are abstract things: one cannot see or feel them directly. One can measure their 
value at any given point, but it requires imagination to grasp a field as a whole. 

For vector fields a useful geometric tool is the idea of field lines. These are curves in 
space drawn tangent to the direction of the field at each point. They are very similar to the 
flow lines of the velocity field in a moving ideal fluid. 

As we have seen, the field is directed away from positive charges and toward negative 
charges. In drawing field lines one attaches an arrow to specify the field direction. 

Since the field has a unique value (including direction) at each point, field lines cannot 
cross each other. 
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General properties of the electrostatic field 



Using the methods outlined above it is possible to calculate the E-field at any point for 
any given configuration of static charges. But there are two general properties of this 
field that one can make use of without detailed calculations. Both involve integrals of 
the field E, and are the fundamental "field equations" for electrostatics. Both follow 
mathematically from Coulomb's law and the definition of E, so they are not new 
principles. But they are important because they concern the field directly. 



Flux and Gauss's law 



In describing fluid flow, an important concept is the rate of mass flow across a surface, 
called the flux, O. In the fluid case we find = pv ■ dA , where p is the mass density, v 

is the velocity of the fluid, and dA is an element of area with direction normal to the 
surface. Although nothing is "flowing" in an electrostatic field, the concept is useful 
here too, because (like the velocity field v in a fluid) the E-field is a vector field. 

We consider an infinitesimal element of surface area dA, where the direction is (by 
convention) perpendicular to the surface. Let the E-field at the location of this element 
of surface be E. Then the flux of the E-field through this surface element is defined by 



Electric flux 



rfOg = E ■ rfA 



Since it involves a scalar product, flux is a scalar quantity. 

One can think of the electric flux as a measure of the total number of field lines going through the surface. A 
line makes a positive contribution if its direction makes an angle less than 90° with dA as it passes 
through the surface, and a negative contribution if that angle is between 90° and 180°. 

We can obtain the total flux through a finite surface by integrating this quantity over the 
surface. This might be complicated in detail, since the direction of dA and both the 
magnitude and the direction of E may change from point to point on the surface. 

If the surface under consideration is closed (enclosing a certain volume of space) the total 
flux is related to the net amount of charge located in that region. To see that this is so, 
define dA to point outward, away from the enclosed volume. Then a field line passing 
outward through the surface makes a positive contribution to the flux, while one going 
inward makes a negative contribution. If there is zero net charge enclosed, then every field 
line going inward through the surface must come out again, and the total flux will be 
zero. If there is net positive charge enclosed, more field lines come out than go in, and 
the total flux is positive. If there is net negative charge enclosed, more lines go in than 
out, and the total flux is negative. 

The precise relationship between net outward flux and enclosed charge is given by a 
fundamental law of the field: 
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Gauss's law 



The small circle on the integral sign denotes a closed surface. 

The left side is the total flux outward through a closed surface, with dA (by convention) 
directed away from the enclosed volume. On the right side, Qgj^^, is the net charge 

enclosed within the surface. 

In terms of the field lines. Gauss's law shows that: 

Lines of the electrostatic field start on positive charges and end on negative 
charges. 

There is another possibility: the lines could form closed curves, so that any line going into the enclosed 
region would also come out of it, giving zero net flux. We will see next that this is forbidden for the 
electrostatic field. But later we will see that there are other E-fields, not caused by charges but by magnetic 
fields varying with time, for which the field lines do form closed curves. They make no contribution to 
either the total flux or the net charge in Gauss's law, so that law applies as written to all E-fields. 



The electrostatic field is conservative 

The Coulomb force, being a central force like gravity, is conservative. This means that 
the force on a test charge (given by F = (jE where E is the field due to all other charges), 
will obey the defining relation for a conservative force: 



j)I -dr^ qj)E-dr^O . 



where the line integral is taken over any closed path. 

A line integral of a vector field around a closed path is often called the "circulation" of the field. 
Dividing the above equation by q we find a general property of the electrostatic field: 



Circulation of the electrostatic field 



^E-rfr = 



It follows from this that the lines of the electrostatic field do not form closed curves. If 

they did we could choose our closed integration path to coincide with such a closed 
field line; dr would then be parallel to E at all points on the path and the integrand 
would be positive everywhere, so the integral could not equal zero. 

Unlike Gauss's law, which is valid for any E-field, this circulation property applies only to E-fields created 
by charges, i.e., only to the electrostatic field we have been discussing. If the other E-fields mentioned 
above are included, this law does not hold as written. We will discuss that situation later. 

These two "global" properties of the field are useful conceptually, but do not usually 
give methods for calculation of E because it appears under the integral sign. In the case 
of Gauss's law, there are some situations of high symmetry where one can extract E 
from the integral and calculate it directly We will examine two of these situations later. 
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